[1] A new algorithm for retrieving the relative ionospheric satellite-to-satellite total electron content during Global Positioning System (GPS) radio occultations is proposed. The algorithm consists of a linear combination of the L1 and L2 excess phase data using precise orbit information of the transmitter and receiver. The combination eliminates the effects of refractive bending and dispersion to first order. Simulations, representative of solar maximum conditions, show that using the ''traditional'' combination of the L1 and L2 phases, bending and dispersion may cause a systematic residual error of up to 20 TECU. Using only the L1 excess phase, the corresponding maximum residual error is about 7 TECU. The proposed combination results in a residual error due to bending and dispersion less than 0.1 TECU. Uncertainty in satellite orbit determination, as well as an unmodeled residual related to the geomagnetic field, result in a total systematic error of 1 -2 TECU.
Introduction
[2] The Global Positioning System (GPS) satellites transmit electromagnetic signals at two L-band frequencies ( f 1 = 1.57542 GHz; f 2 = 1.22760 GHz). In an ionospheric GPS radio occultation, the signals from a GPS satellite are received by a Low Earth Orbit (LEO) receiver as the GPS satellite sets or rises through the ionosphere [Hajj and Romans, 1998; Schreiner et al., 1999] . The signals are refracted due to electron density gradients, and since the ionosphere is a dispersive medium, the ray paths of the L1 and L2 signals will be slightly different. The obtained phase and pseudo-range measurements contain information about the Total Electron Content (TEC) along the ray paths.
[3] However, in ionospheric tomography, using GPS signals, the Radio Occultation Total Electron Content (ROTEC) is assumed to be the integrated electron density along the straight line between the transmitter and the receiver. Given the positions of the satellites at each measurement, the ROTEC can then be used together with ground based TEC measurements or model a priori information to derive one, two, three, or four-dimensional representations of the ionosphere [Hajj et al., 1994 [Hajj et al., , 2000 Leitinger et al., 1997; Rius et al., 1997 Rius et al., , 1998 Howe et al., 1998; Schreiner et al., 1999; Hernández-Pajares et al., 1998 , 2000 Hochegger and Leitinger, 2001] .
[4] This paper is concerned with the systematic errors in the retrieved GPS ROTEC that arise from the assumption of straight-line propagation. Simulations and observations indicate that the maximum deviation between the actual ray path and the straight line can reach a few km at solar maximum conditions [Hajj and Romans, 1998; Schreiner et al., 1999; Hajj et al., 2000] . Other simulations have shown that the algorithm most often used to retrieve the relative (apart from a constant offset) ROTEC can give a systematic error on the order of 10 TECU (1 TECU = 10 16 electrons/m 2 ) corresponding to about 1% of the total ROTEC [Høeg et al., 1998 ]. For comparison, the precision (random errors) of the retrieved ROTEC when the military anti spoofing is off, or with future code-less receivers, is estimated to be better than 0.01 TECU [Hajj et al., 2000] .
[5] An overview of the existing methods for calculating the ROTEC from GPS phase and pseudo-range measurements has been given by Hajj et al. [2000] . However, they are all affected by the ray bending and/or dispersion in the ionosphere, thereby generating a systematic error when the straight-line TEC is the desired product. In this paper a new algorithm for estimating the GPS ROTEC (relative ROTEC if only the phase measurements are used) is proposed. The new algorithm gives a more accurate estimate of the straightline ROTEC in cases of large vertical electron density gradients.
Algorithm Derivation
[6] Ignoring the effects of positive ions, the refractive index in the ionosphere is given by the Appleton-Lassen formula [Budden, 1985] . Using a series expansion to second order, the refractive index at GPS frequencies can be written as
where f is the carrier frequency, N e is the electron density, B k is the absolute value of the component of the geomagnetic field along the ray direction, C = 40.3082 m . The term proportional to f À2 will be referred to as the first order ionospheric term, and the term proportional to f À3 will be referred to as the geomagnetic term. The (+) in front of the geomagnetic term applies for the ''ordinary'' wave and the (À) for the ''extraordinary'' wave. The L1 and L2 GPS signals are mainly right-hand circularly polarized [Spilker, 1996] , giving rise to either ordinary waves or extraordinary waves. The wave mode depends on the ray direction upon transmission with respect to the direction of the geomagnetic field [Budden, 1985] . The geomagnetic term is at least three orders of magnitude smaller than the first order term. The next term in the expansion, which is proportional to f
À4
(not included in (1)), is at least five orders of magnitude smaller than the first order term [Høeg et al., 1995] .
[ 7] In what follows, the ambiguities of GPS phase observations (being an integer number of carrier cycles) will be disregarded. The phase ambiguities will induce a TEC ambiguity, which will be a constant during an occultation. In practice, The TEC ambiguity can be estimated to within a few TECU using the more noisy P1 and P2 pseudorange data [Hajj et al., 2000] . When using the TEC data in a tomographic framework, the ambiguity may be eliminated by differencing the data [Hernández-Pajares et al., 1998; Hajj et al., 2000] , or it can be included as an unknown to be solved for [Rius et al., 1997] .
[8] Disregarding the L1 and L2 phase ambiguities, as well as clock uncertainties, scintillations, and random errors, the phase path observables for GPS signals propagating through the ionosphere can then be written as
where L i are the phase paths for each of the two frequencies (i = 1, 2), s i = R i ds are the integrated path lengths, g i = R i N e ds are the TEC along the signal paths, and hB k i i = g i
À1

R
i B k N e ds are weighted mean values of the geomagnetic field along the signal paths. In order to derive the ROTEC along the straightline path, g 0 , rather than along either of the slightly curved signal paths, (2) is re-written as
where the subscript 0 indicates that the involved integrals are taken over the straight-line path. Using a series expansion, Syndergaard [1999 Syndergaard [ , 2000 derived expressions to second order for the last two terms in (3) under the assumption of spherical symmetry, including the effect of refraction in the neutral atmosphere (equations (16) and (17) in [Syndergaard, 2000] ). Others have derived first order expressions for similar terms in the more general (asymmetric) case [Williams, 1975; Gu and Brunner, 1990] . These results show that the last two terms in (3) will be proportional to f À4 (to first order). Compared to these terms, the term related to the geomagnetic field in (3) is small enough to be represented by its straight-line approximation. Thus, (3) can be approximated by
The last term in (4) will be referred to as the bending term. For a spherically symmetric ionospheric electron density distribution, À depends on the square of the vertical TEC gradients (as a function of the tangent altitude) and on the vertical gradient of the path integral of the square of the electron density [Høeg et al., 1998; Syndergaard, 2000] . In the more general case, À depends on the electron density gradients at every point along the path [see Williams, 1975; Gu and Brunner, 1990] . For GPS radio occultations, the bending term can become larger than the term related to the geomagnetic field.
[9] The most commonly used combination of the L1 and L2 phase path observables for estimating the relative ROTEC [Leitinger et al., 1997; Rius et al., 1998; Høeg et al., 1998; Hernández-Pajares et al., 1998 , 2000 Schreiner et al., 1999] , eliminates the straight-line distance, s 0 , including orbit errors, but leaves terms related to the geomagnetic field and the bending difference (dispersion) as residual errors:
Since precise orbit determination is a time consuming process, (5) may become important for future operational applications. In practice, this combination also eliminates clock errors which are common on the L1 and L2 observables. Assuming spherical symmetry in the ionosphere, À can be sought estimated as was done by Høeg et al. [1998] , but in general a residual will still remain.
[10] If precise orbits are available, an estimate of the straight-line ROTEC using only one of the frequencies can be obtained. Re-arranging (4), with i = 1, gives:
The difference L 1 -s 0 is often referred to as the L1 excess phase. The advantages of this method is that only a single frequency receiver is required, and that random noise is smaller than in (5) [Hajj et al., 2000] . The residual errors from the geomagnetic field and the bending term in (6) are, respectively, about 60% and 40% of those in (5).
[11] Using both frequencies, as well as precise orbit information, the following combination of the L1 and L2 phase observables eliminates the bending term and leaves only a term related to the geomagnetic field as the main residual:
In addition to eliminating À, the residual proportional to hB k i 0 g 0 is about three times smaller in this combination than the corresponding term in (5). Note also that this combination in principle eliminates any other terms proportional to f À4 originating from the series expansion of the AppletonLassen formula (but ignored in the derivations here because they are insignificant). In principle, hB k i 0 can be estimated using models of the geomagnetic field and the ionospheric electron density. However, the accuracy of (7) is more likely to be limited by the accuracy of the transmitter and receiver orbits, as discussed below.
Residual Error Assessment
[12] Simulations have been carried out in order to assess the residuals due to the bending/dispersion and the geomagnetic field in (5) -(7). Three-dimensional ray tracing, using the ROSAP software [Høeg et al., 1995] , were performed through the NeUoG ionosphere model [Leitinger et al., 1996 ] to obtain synthetic L1 and L2 phase observables (without ambiguities). Figure 1 shows a cross section of the NeUoG model at high solar activity where the maximum electron density exceeds 6 Á 10 12 m À3 . Rays from the simulated occultation are superimposed. The TEC (calculated along the straight line between the transmitter and the receiver) as a function of the tangent altitude is shown in Figure 2a . This is regarded as the ''truth''. With the simulated phase data as input, the TEC using the ''traditional'' combination (left-hand side of (5)), the ''L1 only'' (left-hand side of (6)), and the ''alternative'' combination (left-hand side of (7)) were also calculated, and the "truth" were then subtracted to obtain the residues. Only the first order ionospheric term in the formula for the refractive index was included in the ray tracing simulations, and the size of the residual terms related to the geomagnetic field were therefore assessed separately using a fixed value for hB k i 0 of 30 mT.
[13] Figure 2b shows the obtained residues, as well as the size of the residual term related to the geomagnetic field in (5). The residue from the traditional combination is mainly due to the bending residual term in (5), and it reaches almost 20 TECU at the bottom side of the F-layer. In this region, the maximum separation of the L1 and L2 ray paths was about 1.3 km, and the maximum vertical electron density gradients in Figure 1 is about 4 Á 10 10 m À3 /km. Larger residues can be expected in cases of larger ray separation, which is proportional to the vertical ROTEC gradients. It should be emphasized that the bending residual term is mainly proportional to the square of the vertical ROTEC gradients [Hoeg et al., 1998; Syndergaard, 2000] .
[14] As expected, the residue from using the single frequency method is about 40% of that in the traditional combination. The residual due to the geomagnetic field in (5) is less than 2.1 TECU, and the corresponding terms in (6) and (7) would then be less than 1.3 TECU and 0.7 TECU, respectively.
[15] The residue from the alternative combination is less than 0.1 TECU at all altitudes above $70 km. Below 70 km the residues from the alternative combination and the single frequency method are mainly due to the refractive bending in the neutral atmosphere, which was not taken into account in the derivations, but included in the simulations. Thus, (6) and (7) are only valid for tangent altitudes well above the neutral atmosphere.
Other Significant Error Sources
[16] In practice, the accuracy of the straight-line distance, s 0 , will be limited by LEO receiver orbit errors. At present, precise orbit determination, using dual frequency GPS data, results in LEO receiver position and velocity errors of about 0.3 m and 0.3 mm/s, respectively [Schreiner et al., 1998 ]. Consequently, the error in s 0 will be of the same order of magnitude. While a constant error in s 0 will only add to the already unknown ROTEC ambiguity, a velocity error will result in a drift in the TEC estimates over the course of an occultation. A velocity error in s 0 of 0.3 mm/s in (7) gives rise to a TEC drift of 0.003 TECU/s. For an ionospheric occultation, typically lasting about 500 s, this translates into a worst case integrated drift of about 1.5 TECU. Using the single frequency method, the corresponding integrated drift is about 1 TECU.
[17] Clock errors need to be removed before using either (6) or (7). This can be done quite efficiently via the double differencing technique involving a reference GPS satellite and a ground station [Schreiner et al., 1998 ].
Discussion and Conclusions
[18] The proposed algorithm (7) for retrieving the GPS ROTEC is especially useful when large vertical electron (7), do not include the residuals due to the geomagnetic field.
density gradients are present in the ionosphere. In such cases it gives a more accurate estimate of the straight-line TEC than other previous methods because bending and dispersion effects (which may be on the order of 10 TECU) are basically eliminated. The algorithm should therefore be better suited for obtaining the ROTEC used for tomographic reconstruction of the ionosphere. However, like the single frequency method, the proposed dual frequency combination requires precise orbit determination and prior calibration of clock errors. Therefore, the traditional dual frequency combination may still be preferable in cases where the ROTEC gradients are small to moderate, or where precise orbits and/ or a reference satellite for clock calibration are not available. As a rule of thumb; if the ROTEC gradients are less than about 1 TECU/km, the residual due to the bending/dispersion in the traditional combination will probably be less than 1 TECU. An increase/decrease in the gradients by a factor of two, roughly corresponds to an increase/decrease in this residual error by a factor of four. For the proposed combination, uncertainty in the LEO orbit velocity, as well as an unmodeled residual related to the geomagnetic field, result in a total systematic error of 1-2 TECU.
[19] In the derivations and simulations in this paper, a constant TEC offset due to the L1 and L2 phase ambiguities was disregarded. Such an offset may be included as an unknown in a tomographic framework, or it may be eliminated using ROTEC differences. The offset can also be estimated using similar combinations as (5) - (7) for the P1 and P2 pseudo-ranges. Using a least squares approach, the ambiguous (relative) ROTEC based on the phases can then be aligned to the more noisy, but unambiguous, ROTEC based on the pseudo-ranges. It can be shown that the terms due to the bending/dispersion in (5) and (6) are in fact three times larger when using P1 and P2 pseudo-ranges, while the residual terms due to the geomagnetic field are two times larger. This indicates that an estimate of the offset based on ionospheric occultation data, using either (5) or (6), may actually be in error by many TECU, depending on the size of the bending term. The offset using (7) may be estimated in all cases to within a few TECU. Parts of this uncertainty will be due to orbit errors and a geomagnetic residual, while other parts will be due to pseudo-range noise and uncertainties in the estimates of transmitter and receiver differential code biases [Hajj et al., 2000] .
[20] The NeUoG model used in the simulations is a smooth climatological ionospheric model, and the effects of small-scale structures were therefore not assessed. However, in reality, phase fluctuations due to small-scale ionospheric disturbances are generally smaller than the systematic errors. The largest phase fluctuations are produced by signal interference (scintillations) in multi-path regions due to very sharp electron density gradients. Data from the proof-of-concept GPS radio occultation experiment (GPS/MET), which was launch in 1995 [e.g., Schreiner et al., 1999] , sometimes show phase fluctuations due to multipath propagation at E-layer altitudes which seems to be on the order of 10 cm (sampled at 50 Hz), and with some positive correlation between L1 and L2 channels [Syndergaard, 1999] . At a reduced sampling rate (1 Hz is usually used for ionospheric occultations) such fluctuations would be averaged to a few cm. Using (6) to retrieve the ROTEC, 1 cm corresponds to about 0.06 TECU. The uncorrelated part of phase fluctuations will be amplified using the combinations (5) and (7) by factors of about two and three, respectively.
